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Abstract 

All finite dimensional Nichols algebras with diagonal type of connected finite 
dimensional Yetter-Drinfeld modules over finite cycle groups are found. It is proved 
that every finite dimensional super Nichols algebra is a quantum linear space; the 
Nichols algebra of every connected Yetter-Drinfeld module V over finite cycle group 
G with dim V > 3 is infinite dimensional. 
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Introduction 

The framework of the paper is the classification of finite dimensional pointed Hopf algebras 
with finite cycle group G. It was obtained that there is a one-to-one correspondence 
between arithmetic root systems and Nichols algebras of diagonal type having a finite 
set of (restricted) Poincare-Birkhoff-Witt generators in [He04b] : that there is a one-to- 
one correspondence between twisted equivalent classes of arithmetic root systems and 
generalized Dynkin diagrams in |He06a] . Furthermore, arithmetic root systems were also 
classified in full generality in |He06a] . However, we have to know whether a braided vector 
space is a Yetter-Drinfeld ( written as YD in short) module over a group to classify finite 
dimensional pointed Hopf algebras. 

The theory of Nichols algebras is dominated and motivated by classifying finite dimen- 
sional pointed Hopf algebras (see |AS98t RSOOj ). Nichols algebra appear in construction 
of quantized Kac- Moody algebras and their Z2-graded variants (see [KT91| IKS 99J). H. 
Yamane described Z 3 -graded quantum groups using Nichols algebras. Nichols algebras 
are also natural objects in the theory of covariant differential calculus on quantum groups 
initiated by Woronowicz |Wo89] . 
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In this paper, all finite dimensional Nichols algebras with diagonal type of connected 
finite dimensional Yetter-Drinfeld modules over finite cycle groups are found. We first 
determine which braided vector space V, whose A(*B(V)) is finite, is a Yetter-Drinfeld 
over finite cycle groups by means of equation systems in Z n . Next using the classification 
of arithmetic root systems we find all finite dimensional Nichols algebras with diagonal 
type of connected finite dimensional Yetter-Drinfeld modules over finite cycle group Z n 
step by step. 

This paper is organized as follows. In section 1 all finite dimensional Nichols algebras 
with diagonal type of connected 2 dimensional Yetter-Drinfeld modules over finite cycle 
groups are found, In section 2 all finite dimensional Nichols algebras with diagonal type 
of connected 3 dimensional Yetter-Drinfeld modules over finite cycle groups are found, In 
section 3 it is proved that every finite dimensional super Nichols algebra is a quantum 
linear space; the Nichols algebra of every connected YD module V over finite cycle group 
Z n with dimF > 3 is infinite dimensional. In section 4 we show that V is a link- 
indecomposable Z„-YD module if V is a connected Z n -YD module with dim<B(V) < oo. 

In this paper, Let A; be a field of characteristic zero, which contains a primitive nth 
root of unit. Let G be a finite abelian group; Z := {x \ x is integer}, N := {x > 

| £ is integer}; n G N with n > 1; G := {x | X is a homomorphism from G to k*}; 

| x is a primitive nth root of unit }. Let a; is a primitive nth root of unit. 
If G — (g) is a cycle group with order n and V yD with basis v±, v 2 , ■ • • , v r , then 
there exist x% £ G, gi G G, such that 8(vi) = g%® Vi and h ■ Vi — Xi(h) v i f° r an y ^ G G, 

1 < i < r. Let x e G such that = w G R n . Thus x% — X th an d 9i — 9 nH for 1 < i < r. 

If V is a vector space with a basis Xi, x 2 , • ■ ■ ,x r and qij G k* for 1 < i, j < r such 



diagonal type; (qij) r xr is called a braiding matrix of (V, c) under basis In 
this case, (V, c) is also written as (V, (%) r xr)- Let 1,2, • • • ,r be vertexes and there is a 
line between z and j when 7^ 1; labeled qa over vertex z and labeled qijqji over line 
between i and j. This diagram is called generalized Dynkin diagram (written as GDD in 
short ) of matrix (qij) r xr or V. Matrix (qij) rxr ( or V ) is said to be connected if the gener- 
alized Dynkin diagram is connected. Let e\ := (1, 0, • • • , 0), e 2 := (0, 1, • • • , 0), • • • , e r : = 
(0, 0, • • • , 1) be a basis of Z r ; E := {e l5 e 2 , • • • , e r }; Xo( e ii e j) '■= Qij- Therefore, V is a 
graded vector space by Z r when one defines deg X{ — e^. Let 




, then (V, c) is called a braided vector space with 



A + ( < B{V)) := {deg u \ u is a generator of (restricted ) PBW basis } 



and A(»(V)) := A+(Q5(y)) U -A+(*B(V r )). 
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1 Rank 2 



In this section all finite dimensional Nichols algebras with diagonal type of connected rank 
2 Yetter-Drinfeld modules over finite cycle groups are found, 



Lemma 1.1. (i) (See \ZZC04 , Lemma 2.3] or appendix) Every kG -YD module is a 



braided vector space with diagonal type. 

(ii ) V is a G-YD module with diagonal type and braiding matrix (qij) nxn if one? only 
if there exist Xj £ G, j, £ G such that Xj(di) = Qij f or 1 < hj < n - 

(m) V is a Z n -YD module with diagonal type and braiding matrix (?y) n xn */ an d on h 
if there exists there exist rrii, rij G Z such that q^ = u minj for 1 < i, j < n. 

(Iv) If q G R m with m \ n, then there exists s G Z such that q = ^ with (s,m) = 1. 

(V) If q G i? m wift m | 77,, i/ien i/iere exists to G R n such that q = uj™. 

Proof, (ii) It follows from |ZZC041 Pro. 2.4]. 

(iii) Let G = (g) be a cycle group with | G \— n and x G G such that %((/) = a;, 
then G = {x m | 1 < m < n} and G = {g m | 1 < m < n}. If V is a G-YD module 
with diagonal type and braiding matrix (qij) n xn, then there exist Xj £ ^ and g { G G such 
that Xj(di) = Qij f° r 1 < 2, j < n. Furthermore, there exist m^rti such that ^ = x 71 * and 
9% — 9 mi f° r f° r 1 < i,j < n. Conversely, it is clear. 

(iv) There exist 1 < t < n such that = q with m = -^K. Consequently, (t, n) = ^. 
There exists s G Z such that t = — s. Let (s,m) = d, m = m'd and s = s'd. Thus 
£ = -^js'. ord(^ t ) < m' since n \ tin', which implies that m = m! and (s, m) = 1. 

(v) Set r := Y\{p \ p is prime with p | n and p \ s }. It is clear m \ r and (r + s, n) = 1. 
Set fjL = r + s and o> := Thus, cj™ = ^ = q. □ 

Lemma 1.2. Let n = A;m, (s, m) = 1, £i, £2, ^3 G Z. 

= tisk (mod n) 
x 2 y 2 = t 2 sk (mod n) (1.1) 

+ x 2 yi = ^sA; (mod n) 

has a solution in Z if and only if 



;i.2) 



xiyi 
ks 


= t! 


(mod m) 


X2V2 

ks 


= h 


(mod m) 


x\V2+x2y\ 

ks 


= t 3 


(mod m) 



has a solution in Z . 

(ii) If d is a solution of 

t\X 2 — t^x + t 2 = (modm), (1.3) 
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then x\ = l,?/i = t\sk, x 2 — d, y 2 — (£3 — dti)sk is a solution of U.l\) . 
(Hi) If d is a solution of 

t 2 x 2 — t$x + t\ = (modm), (1-4) 
then X2 = l,j/2 = t 2 sk, x\ = d,yi = (£3 — dt 2 )sk a solution of U.l\) . 
Proof. It is clear. □ 

Lemma 1.3. Let n = km and (s,m) = 1, ti,t 2 ,t 3 G Z. // has a solution, then 

x 2 — t$x + tit 2 = (mod m) (1-5) 

has a solution. 

Proof. If (11.11) has a solution: x\ = mi, yi = m, x 2 = m 2 ,y 2 = n 2 , then 

= ti (mod m) 



k 



= t 2 (mod m) and 



k 



£i£ 2 (mod m) 



~k + fc" = b 2 



s M + s m 2 ni = j ( modm ) 



have solutions. Thus there exist m,d6Z, such that 

miri2 s — 1 rri2ni j 
~S * ~ tlL2 



t\t 2 + um 

fc ^ fc 



s mm 2 + s mam = ^ + ym 



which implies that rational number - — is a solution of integer coefficient equation 
x 2 - (£ 3 + vm)x + ht 2 + um = 0. Consequently, slhmm e z _ Therefore, sllmm is a 
solution of x 2 — t 3 x + tit 2 = (mod m). □ 

Lemma 1.4. Let n = km and (s, m) = 1, £1, £2, £3 £ Z. 

(ij J/ m is odd and (£i,m) = 1, £/ien < [J.3)) /ias a solution if and only if U.5\) has a 
solution. 

(ii) If t\ is odd and (ti,m) = 1, then M.3\) has a solution if and only if U.5\) has a 
solution. 

(Hi) If t 2 is odd and (t 2 ,m) = 1, then ( |i.^| ) has a solution if and only if M.5\) has a 
solution. 

(iv) If ti or m is odd with (ti,m) = 1, then ( fi.il) has a solution if and only if ( fi.3j) 
has a solution. 
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Proof, (i) ( 11. 3p and (11. 5p are equivalent to (2tix — t%) 2 = t\ — 4£ x £ 2 (mod m) and 
(2x - £ 3 ) 2 =tj- 4*1*2 (mod m), respectively. Consequently, (II. 3p has a solution if and 
only if (11. 5p has a solution 

(ii) Considering Part (i) we only need prove this for even m. If 2 { £3 and 2 { £2, then 
both (11. 3ft and ( 11.51) have not any solutions. If 2 { £3 and 2 | £2, then both (11. 3ft and 
(II. 5p have solutions. If 2 | £ 3 , then {t±x - f-) 2 = (^) 2 ~ M2 (mod 2 Ql ) has a solution if 
and only if (x — y) 2 = (y) 2 — t x t 2 (mod 2" 1 ) has a solution. Consequently, ( II. 3p has a 
solution if and only if ( 11. 5ft has a solution. 

(iii) It is similar to (ii). 

(iv) If (II. ip has a solution, then (II. 5p has a solution by Lemma fl~3| which implies that 
(II. 3p has a solution by Part (ii). Conversely, it follows from Lemma [1.21 □ 

Remark: Lemma 11.31 and 11.41 hold when s — 1. 

Lemma 1.5. If (V, (%-) rX r) a YD - module over Z n and (V, (q'ij) r xr) has degree 
Si(Eo) with respect to V ( defined in JHe05b[ Definition 2]), then (V, (q'ij) r xr) a 



YD - module over7* n . 

Proof. By Lemma [1.1L there exist m^ni G N such that qji = u mjni for 1 < j, I < r, 
By |He05bl Definition 2], 

Qji ~ Wu ?« 

— U} (m j +mijm i )(ni+m i in i ) 



Set m^- := rrij + m^nii, n\ := n\ + muni. One has g^ 7 = u; m j ni for 1 < j, i < r. Therefore, 
V is a Z n -YD module. □ 

Therefore, if (V, (%) rX r) and (V, (^)rxr) are Weyl equivalent, then (V, (qij) r xr) is a 
Z n - YD module if and only if (V , (q'^rxr) a Z n - YD module. 

Theorem 1.6. Le£ n = /cm (m > 1) and m = 2 ai 3 a2 p^ 3 ■ ■ ■ p" r be the prime decom- 
position of m, r G N; a.{ > when 2 < % < r. If (V, (3^)2x2) is a braided vector space, 
then V is a connected Z n -YD module such that dim*B(y) < 00 if and only if one of the 
following conditions holds: 

T2(l) 1 - 311312321 = 1 - 312321322 = 0, 312321 G R m , «i = 0; a 2 = 0, 1; (^) = 1 /or 
2 < i < r. 

T2(2)i l + qn = l- 312321322 = 0, q 12 q2i G R m , «i = 0; a x > 1. 
T2(2) 2 1 + 322 = 1 - 9129219H = 0, 312321 € «i = 0; «i > 1. 

1 + gn = 1 + 322 = 0, 312321 G i?. m , a x = 0/ ai > 1. 
r^ljx 312321 = qii, 322 = 3n, 3n G .R m , m > 2; a x = 0, 1; a 2 = 0; Pi = 1 (mod 4), 
/or 2 < i < r. 
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T3(l) 2 912921 = qii, 922 = -1, 9n G R m , m > 2, a x ^ 2,3. 

T3(2)i uj G R n , s = 1,2; q n = tu^ , q 2 2 = u™, 912921922 = 1, m > 3; 3 \ m or 
?f^2 (mod 3). 

r5(^ 2 912921922 = 1, qu g #3, 522 e R 2 , m = 6; 
T3 ^ 511 G i? 3 , 912921 = -gii, 922 = -1; m = 6. 

(1) q = 912921911 e i?i2, 9n = 9o> #22 = ~9o; m = 12 - 

(2) 912921 G -R12, 9n = 922 = -(912921) 2 , rn = 12. 
T5(l) 912921 e #12, 9n = -(912921) 2 , 922 = -1, m = 12. 
T5(2) 90 = 9i292i9n e #12, 9n = 9o, ^22 = -1, m = 12. 
TO 911 G 912921 = 9n 2 , 922 = -<&, m = 18. 

T7 (%) 911 G i?i2, 912921 = 9n 3 , 922 = -1; m = 12. 

T7 (%) 912921 G i?i2, 911 = (912921)" 3 , 922 = -1; m = 12. 

T8 (1) 912921 = 9n 3 ; 922 = 9ii, 9n e -R m , m > 3, «i = 0; a 2 = 0,1; (-^) = 1 /or 
2 < i < r. 

T8(2) 1 (912921) 4 = -1, 922 = -1, 912921 = -911/ m = 8. 
TS(%» 2 (912921) 4 = -1, 922 = -1, 9n = (9i292i)~ 2 / m = 8. 

(912921) 4 = -1, 9n = (912921) 2 , 922 = (9i292i) _1 ; m = 8. 
TP 912921 G i? 9 , 9n = (912921) -3 , 922 = -1; m = 18. 
TiO 912921 e #24, 9n = (9i292i) -6 , 922 = (9i292i) -8 ; m = 24. 
Til (%) 9 U G R 5 , 912921 = 9n 3 ; 922 = -1/ m = 10. 
Til ^ 911 G -R20, 912921 = 9n 3 ; 922 = -1; m = 20. 
Ti2 911 G -R30, 912921 = 9n 3 ^ 922 = -9ii/ 171 = 30 - 
T13 912921 e R 2 4, 9n = (912921) 6 , 922 = (912921)" 1 / m = 24. 
Ti^ 9u G i?i 8; 912921 = 9n 4 > 922 = -1; m = 18. 
Ti5 912921 G -R30, 9n = -(9i292i)" 3 ; 922 = (912921)" 1 / m = 30. 
T16 (1) 911 G -Rio, 912921 = 9nS 922 = -1/ m = 10. 
T16 (2) 912921 G -R20, 9n = (9i292i) -4 , 922 = -1/ m = 20. 
Ti 7 912921 G i?24, 9n = -(9i292i) 4 , 922 = -1; m = 24. 
T18 912921 e #30, 9n = -(9i292i) 5 , 922 = -1; m = 30. 

912921 G -R30, 9n = (912921)" 6 , 922 = -1; m = 30. 
T21 911 G #24, 912921 = qu, 922 = -1; m = 24. 

Proof. By [He04a, Th. 4], it is enough to check if there exist Z n -YD satisfying 
T2-T22. 
T2 (1) If 




(mod n) 
(mod n) 
(mod n) 



(1.6) 
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has a solution, where (s,m) = 1, then x 2 + x + 1 = (mod m) has a solution, which 
implies a,\ = and (2x + l) 2 = —3 (mod p"') has a solution for 2 < i < r. It is clear 
that (2x + l) 2 = —3 (mod 3) has a solution and (2x + l) 2 = —3 (mod 3 2 ) has not 
any solution, thus a 2 = 0, 1; (^) = 1 for 2 < % < r. Conversely, (II. ip has a solution by 
Lemma fL2l since (II. 3B has a solution when ot\ = 0; a 2 = 0, 1; (^) = 1 for 2 < i < r. 
T2(2)i (i) 2 | m. If 

{xiyi = ^ (mod n) 

x 2 y 2 = f (mod n) , (1.7) 

&12/2 + x 2 yi = (mod n) 

has a solution, where (s,m) = 1, then a: 2 + x + y = (mod m) has a solution, which 
implies a% > 1 and (2x + l) 2 = 1 (mod p" 1 ) by Lemma [5.21 (i) for 1 < i < r. 

(ii) 2 f m and 2 | n. Since mi 2 + 2sx + 2s = (mod 2m) has always a solution, 

{Xiyi = 2ski (mod n) 

x 2 y 2 = wifci (mod n) 

x\y 2 + x 2 yi = — 2sfci (mod n) 

has a solution by Lemma [1.21 (ii), where (s,m) = 1 and n = 2mk\. 
T2 (2) 2 It is similar to T2 (2)i . 

T2 (3) (i) 2 I m. Considering Lemma fl.2( i) one obtains that 

x\y\ = 7} (mod n) 

x 2 y 2 = I (mod n) , 

xm + x 2 yi = s (mod n) 

has not any solution, where (s, m) = 1, since x 2 — x + ^ = (mod m) has not any 
solutions when «i = 1 by Lemma l5T2T i) . It is clear that |i 2 — x+ y = (mod 2 Q1 ) has 
a solution 2 ctl ~ 1 when ot\ > 1. 

(ii) 2 { m and 2 | n. One obtains that 

= mfci (mod n) 
x 2 y 2 = mki (mod n) , 

Xi?/2 + x 2 yi = 2sk\ (mod n) 

has a solution, where (s, m) = 1 and n = 2mk\, since mx 2 — 2sx + m = (mod 2m) has 
always a solution. 

T3 (l)i By LemmaEIi) and 

X\y\ = — (mod n) 

x 2 y 2 = (mod n) , 

xiy 2 + x 2 yt = (mod n) 
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where (s,m) = 1, one obtains 

x 2 + 2x + 2 = (mod m) 

and 

(x + l) 2 = — 1 (mod m) 

which implies a\ = 0, 1; a<i = 0; (— ) = 1 for 2 < i < r. 
T3 (1) 2 (i) 2 | m. By Lemma [T^i) and 

xij/i = ^ (mod n) 

x 2 2/ 2 = f (mod n) 

^i2/2 + x 2 yi = ( m od n) 



where (s,m) = 1, one obtains 



and 



By Lemma [5.3( ii) 



and 



has not any solutions. 



Tfl 

x 2 + 2x + — = (mod m) 



[x + l) 2 = 1 — — (mod m) 



Tfl 

{x + l) 2 = 1 - — (mod 2 2 



{x + l) 2 = 1 - — (mod 2 2 



(x + l) 2 = 1 - — (mod 2 C 
2 



has a solution when > 3. 

(ii) 2 j m. n = 2mk\. By Lemma lL2( i) and 

= 2sfci (mod n) 
X2V2 = wifci (mod n) 

X\%)2 + = —Aski (mod n) 

where (s,m) = 1, one obtains 

mx 2 + 4sx + 2s = (mod 2m) 

has a solution. 
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T3 (2)i (i) 3 | to. By Lemma one has 

xiyi = ^ (mod n) 

x 2 y 2 = % (mod n) . (1.8) 

xiy 2 + x 2 y x = (mod n) 

Let m = 3m' . x 2 + x + = (mod to). (2x + l) 2 = 1 — Am's (mod pf*) has a solution 
for 2 < i < r. Consequently, 1 — 4m' s ^ 2 (mod 3) since m's ^ 2 (mod 3). This 
implies (2x + l) 2 = 1 — Am's (mod 3) has a solution, 
(ii) 3 \ to. n = m/c and & = 3&i. If 

xiyi = ^ (mod n) 

x 2 y 2 = ffi (mod n) (1.9) 

a?i3/2 + ^2?/i = (mod n) 

has a solution, where si = 1 or 2, (s, m) = 1. then msix 2 + 3sx + 3s = (mod 3m) has 
a solution, which implies that (11. 9p has a solution by Lemma 11.21 



T3(2) 2 (11. 3p has a solution d = 


= 3 with m = 


= 6, 


h 


= 2, t 2 


= 3, * 3 




T3(3) (11. 3p has a solution d = 


1 with m = 


6, h -- 


= 2,t 2 = 


= 3, h ~- 


= 5. 


T4(l) (11.3[) has a solution d = 


A with m = 


12, 


h 


= 4, t 2 


= 8, h 


= 9. 


T4(2) (IL3J) has a solution d = 


4 with m = 


12, 


h 


= 8, t 2 


= 8, t 3 


= 1. 


T5(l) (jl.3|) has a solution a? = 


2 with m = 


12, 


h 


= 8, t 2 


= 6, * 3 


= 1. 


T5(2) (jl.3[) has a solution d = 


6 with m = 


12, 


h 


= 4, t 2 


= 6, t 3 


= 9. 


T6 (|1.3j) has a solution d = 12 with m = 1: 


3, t 


i — 


: 1, t 2 = 


■ 12, i 3 


= 16 


T7(l) (jl.Sj) has a solution d = 


3 with m = 


12, 




= i, h 


= 6, t 3 




T7(2) (jl.Sj) has a solution d = 


3 with m = 


12, 




= -3, 


t 2 = 6, 


*3 = 



T8 (1) By 



xxyi = ^ (mod n) 

x 2 y 2 = (mod n) , 

x\V2 + x 2 yi = (mod n) 

where (s,m) = 1, one obtains 

x 2 + 3x + 3 = (mod to). (1.10) 

By Lemma 15.21 x 2 + 3x + 3 = (mod 2) has not any solutions, which implies a,\ = 0; 
(2x + 3) 2 = —3 (mod p ai ) for 2 < i < r, which implies (— ) = 1 for 2 < i < r; 
(2x + 3) 2 = —3 (mod 3) has a solution and (2x + 3) 2 = —3 (mod 3 2 ) has not any 
solutions, which implies a 2 = 0,1. 

T8(2)i ([OD has a solution d = 4 with to = 8, t x = 5, t 2 = 4, i 3 = 1. 

T8(2) 2 (OD has a solution d = 4 with to = 8, *i = -2, t 2 = 4, £ 3 = 1. 

T8(3) (II. 3p has a solution d = 1 with to = 8, £i = 2, t 2 = — 1, t 3 = 1. 
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T9 ( II. 4p has a solution d = 6 with m = 18, t\ = —6, t 2 = 9, £3 = 2. 

T10 (11. 3p has a solution d = 16 with m = 24, ^ = —6, £2 — — 8, £3 = 1. 

Tll(l) (O) has a solution d = 8 with m = 10, t x = 2, t 2 = 5, t 3 = -6. 

Til (2) (JE3J) has a solution d = 7 with m = 20, = 1, t 2 = 10, t 3 = -3. 

T12 ([L3D has a solution d = 10 with m = 30, ti = 1, t 2 = 20, t 3 = -3. 

T13 (ll.3p has a solution d = 5 with m = 24, t\ = Q, t 2 = —1, £3 = 1. 

T14 dL3D has a solution d = 9 with m = 18, t x = 1, t 2 = 9, t 3 = -4. 

T15 (ll.3p has a solution d = 11 with m = 30, ti = 12, t 2 = —1, £ 3 = 1. 

T16 (1) ( 11.31) has a solution d = 5 with m = 10, ti = 1, t 2 — 5, £3 = —4. 

T16 (2) ([T3D has a solution d = 10 with m = 20, t x = -4, t 2 = 10, t 3 = 1. 

T17 flOD has a solution d = 4 with m = 24, t x = 16, t 2 = 12, t 3 = 1. 

T18 (11. 3p has a solution d = 5 with m = 30, t\ = 20, ^2 = 15, £3 = 1. 

T19 (ll.5p becomes x 2 + 3x + 7 = (mod 14), which has not any solution by Lemma 

Eli). 

T20 (ll.3p has a solution d = 15 with m = 30, t\ = —6, t 2 = 15, t% = 1. 
T21 ([L3]) has a solution d = 7 with m = 24, t x = 1, t 2 = 12, t 3 = -5. 
T22 ( II. 5p becomes x 2 + 5x + 7 = (mod 14), which has not any solution by Lemma 
RT2fl). □ 

Proposition 1.7. // (V, (9^)2x2) o braided vector space, then dim*B(y) < 00 if and 
only if A(Q5(V)) is finite. 

Proof. If It is clear that A( < B(V A )) is finite when dim < B(V A ) < 00 by |He06bj . Con- 
versely, if A(Q3(V)) is finite, then the generalized Dynkin diagram of V is in [He05ct Table 
1]: T2(l) in Row 2, T2(2) in Row 3, T3(l)i in Row 4, T3(l) 2 in Row 5, T3(2) 2 in Row 6, 
T3(3) in Row 7, T4 in Row 8,T4(2) in Row 9, T9 in Row 10, T8(l) in Row 11, T8(3) in 
Row 12, T21 in Row 13, T16 in Row 14, Til in Row 15, T12 in Row 16, T19 in Row 17. 
It follows dim 53(F) < 00 from |He04al Th. 4]. □ 

Remark: In the proof above, for Row 16, set £ = q 17 , one obtain q = since 
4 ■ 30 — 7 ■ 17 = 1; for Row 17, set £ = g 3 , one obtain q = £ 5 since —14 + 5-3 = 1. The 
similar result appeared in Theorem 1.6.1 of paper: Nichols algebras of diagonal type and 
of arithmetic root systems, written by I. Heckenberger. 

2 Rank 3 

In this section all finite dimensional Nichols algebras with diagonal type of connected 
rank 3 Yetter-Drinfeld modules over finite cycle groups are found, let \u\ denote length 
of word u. 

Lemma 2.1. (i) If \ u \ = \ v \, then u < v if and only if uw < vw. 
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(ii) If u = vw is the Shirshow decomposition of Lyndon word u and [u] is hard, then 
both [v] and [w] are hard too. 

Proof, (i) It is clear. 

(ii) If [w] is not hard, then there exist words Wi > w and ki G k such that w = Y^iLi ki w i 
by [Kh99l Cor. 3.2.4]. Consequently, u = vw = Y^iLi^i vw i an d [ u ] is n °t a hard word 



by |Kh99t Cor. 3.2.4]. This is a contradiction. If [v] is not hard, then there exist 
words v i > v and fcj G k such that v = Y^nLi^i by |Kh99j Cor. 3.2.4]. Consequently, 
u = vw = Y^iLi ki v i w an d ViW > vw by Part (i), which implies that [u] is not a hard word 
by [ Kh99l Cor. 3.2.4]. □ 

According to |He05ct Table 2], the first node, second node and third node of every 
generalized Dynkin diagram denote g 33 , qn, q 22 , respectively. 

Lemma 2.2. Assume generalized Dynkin diagram of braided vector space V is one of 
the following condition: 

(1) ~ ll »— ^T 1 ' q£Rm,m>2. 

(2) ~ lc r lc r 1 » c e ^. 

(3) q . q 1 ~ lr * ,qeR m ,reR m ,,q^r;m,m'>l. 

Then %$(V) is finite dimensional with {ei, e 2 , e 3 , e,\ + e 2 , e,\ + e 3 , ei + e 2 + e 3 } = A(B(V)) 
and p UiU 1 for hard super-letter [u]. 

Proof. Let 

A + (Q3(V)) := {deg u | u is a generator (i.e. hard super-letter ) of (restricted ) PBW basis } 

A(93(V)) := A+(Q3(V r )) U -A+(<B(V)), written as A := A(»(V)). Recall [He04bl Eq. 
(2) (3)], mjj := min{m G N | quQijQji = 1 or = 1, 7^ 1} for % ^ j and := -2; 
— if t — j 

. The map s« is a pseudo-reflection. It is clear 777.12 = 1, 

ej + m^e* if i ^ j 

m 2 i = 1, ma = 1, m 3 i = 1, m 32 = 0, m 23 = 0; [x 2 x 3 ] = 0, [xix 2 x 2 ] = 0, [a;ix 3 x 3 ] = 0, 
[X1X3X2X2} = 0; 

stihd + k 2 e 2 + k 3 e 3 ) = {k 2 + k 3 ~ h)ei + k 2 e 2 + k 3 e 3 
s 2 (fciei + k 2 e 2 + k 3 e 3 ) = k x e x + (fci - k 2 )e 2 + k 3 e 3 (2.1) 
S3(hei + k 2 e 2 + k 3 e 3 ) = hei + k 2 e 2 + (h - k 3 )e 3 

for ki,k 2 ,k 3 G k. By |He06bt Remark 1] and [He06bl Lemma 2], k\e\ + fc 2 e 2 + k 3 e 3 ^ A 
for (h,k 2 , k 3 ) G {(2, 1, 0), (2, 0, 1), (1, 1, 2), (1, 2, 1), (2, 1, 1)}. 

Now we show that B := {[xi], [x 2 ], [x 3 ], [xix 2 ], [xi£ 3 ], [xix 3 x 2 ]} is the set of all hard 
super-letters in and {ei, e 2 , e 3 , e\ + e 2 , e x + e 3 , ei + e 2 + e 3 } = A(Q5(V)). 
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Assume that [u] is a hard super-letter and u = vw is the Shirshow decomposition of 
u. Now we show [u] G B step by step. 

(a) If \u\ = 2, then u = xix 2 or £1X3. 

(b) If \u\ = 3, then [u] = [X1X3X2] or [u] = [xiX2X 3 ]. [X1X2X3] £ B since [xix 2 X3] = 
[[xi], [x 2 ,x 3 ]] = 0. 

(c) \u\ = 4. 

1) I w \— 3. Then [w] = [xix 3 x 2 ] and [v] = [xi]. Considering (12. ip . one have [u] £ B. 

2) I w \— 2. Then [u] = [[xix 2 ], [xix 3 ]] and deg u = 2e\ + e 2 + e 3 ^ A. 

3) I iw |= 1. Then [u] = [X1X3X2] and [u>] = [x 2 ], which implies [it] ^ B. 

(d) |w| = 5, u = XiX 2 XiX 3 x 2 or xiX3X!X 3 x 2 , but [u] is not hard in this cases. 
The others are clear. □ 



Lemma 2.3. Let n = km and (s,m) 
following conditions are equivalent, 
(i) 



1. ti,t%,t3 G Z. If ti = 1 (modn), then the 



< 



2^22/2 
^32/3 

xiy 2 + x 2 yi 
X1V3 + x 3 yi 
{ x 3 y 2 + x 2 y 3 



t\sk {mod n 

t 2 sk (mod n 

t 3 sk (mod n 

t^sk (mod n 

t 5 sk (mod n 

tQsk (mod n 



(2.2) 



has a solution 
(ii) 



has a solution. 



ti(x 2 ) 2 - t 4 x 2 + t 2 









(mod m] 


ti(x 3 ) 2 - t 5 X 3 + t 3 









(mod m] 


X\ 




1 




(mod n) 


yi 




t\ks 




(mod n) 


1)2 




(U- 


x 2 ti)ks 


(mod n) 


2/3 




(h- 


x 3 ti)ks 


(mod n) 


xiyi 




tisk 




(mod n) 


x 2 y2 




t2Sk 




(mod n) 


x 3 y3 




t 3 sk 




(mod n) 


%m + x 2 yi 




t^sk 




(mod n) 


xm + x 3 yi 




t$sk 




(mod n) 


x 3 y 2 + x 2 y 3 




t^sk 




(mod n) 



(2.3) 
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Ill 



ti(x 2 ) 2 - t 4 x 2 + t 2 
ti(x 3 ) 2 - t 5 X 3 + t 3 

yi 

2/2 
2/3 

2tiX2^3 — £4X3 — £5X2 






1 

t\ks 

(t 4 — X 2 t\)ks 

(t 5 - x^ks 



(mod m) 
(mod m) 
(mod n) 
(mod n) 
(mod n) 
(mod n) 
(mod m) 



(2.4) 



has a solution. 



Proof. 

0(i), x 2 



(i) =>- (ii). Assume that (mi,ni,m 2 ,n 2 ) is a solution of (12.21) . By Lemma 



and x 3 



— are solutions of the 1th and 2th equations of (12. 3p . 



ks " fcs 

respectively. Furthermore, by Lemma 11.2( h) all equations of (I2.3P hold but the 12th 
equation. By simple computation, y 2 = m\n 2 and y 3 = vri\n 3 . Consequently, 



x 3 y 2 + x 2 y 3 



m 3 ni m 2 rii 

-m\n 2 H : — ni\n 3 



ks 



ks 



tp.sk. 



(ii) 



(i) . It follows from Lemma [1.2( h). 
(iii) is clear. 

(ii) . It is a simple computation. □ 



Lemma 2.4. Let n = km and (s, m) = 1; ti, t 2 , t 3 G Z. If (m, t\) = 1, then 





%m 




tisk 


(mod n] 






x 2 y 2 




t 2 sk 


(mod n] 




< 


x 3 y 3 




t 3 sk 


(mod n] 






x\y 2 + x 2 y x 




t 4 sk 


(mod n] 






xm + x 3 yi 




t 5 sk 


(mod n] 






k x 3 y 2 + x 2 y 3 




t s sk 


(mod n] 




if and only if 












ti(x 2 ) 2 - t 4 x 2 + t 2 









'mod m) 




ti(x 3 ) 2 - t 5 X 3 + t 3 









[mod m) 










1 




mod m) 




y\ 






h 




mod m) 


< 


2/2 






(u- 


x 2 ti) 


mod m) 




2/3 






(h- 


Xzh) 


mod m) 




xiy 2 + X22/1 




u 




mod m) 




X12/3 ~\ 


- x 3 y x 




ts 




mod m) 




x 3 y 2 ^ 


- x 2 y 3 








'mod m) 



(2.5) 



(2.6) 



has a solution. 
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Proof. Assume that (mi, ni,m 2 , n 2 ) is a solution of (12.51) . By Lemma rOH ). x 2 = 



and x 3 = ^^j 1 are solutions of 



and 



(x 2 ) 2 — t±x 2 + t\t 2 = (mod m) 



(x 3 ) 2 - t 5 x 3 + tit 3 = (mod m) 



(2.7) 



(2i 



respectively. It is clear that x 2 = t l and x 3 = t 1 m ^" 1 are solutions of 1th and 2th 

of (12. 6p . respectively. By simple computation, 7th and 8th in (12. 6 p holds; y 2 = ^^f 1 and 



2/3 



milt;; 
ks 



. Consequently, 



m 3 ni m 2 ni 
(x 3 y 2 + x 2 y 3 ) = — m x n 2 -\ ; m x n 3 = t e 



ks ks 
Conversely, It follows from Lemma [1.2( ii). □ 

Lemma 2.5. Let f denote the lowest common multiple of m and m' with (s, m) = 1 
(s',m') andm,m' > 1. Then 

xiyi = ~ (mod n) 

x 2 y2 = ^ (mod n) 

x 3 y 3 = § (modn) 

XiV2 + x 2 yi = ~ (mod n) 

xiy 3 + x 3 y x = (modn) 

, + £22/3 = (mod n) 
/ias a solution if and only if cti = a[ when aiCi i 7^ /or 1 < i < t, and 

— s = m'V (mod m') 
1; 



^(a;3) 2 + ^ 

^2 
2/2 

2/1 
2/3 

^(2xix 3 + x 3 ) 



1 



m m 1 ' 



V. m 



— X 3 

K 

m' 



(mod u 
(mod m 
(mod u 
(mod m 
(mod u 
(mod ii 
(mod M 



(2.9) 



(2.10) 



when m = m"m' and (m\ m" 

— s' = m"s (mod m) (2-H) 

when m' = m"m and (m, m") = 1. i/ere m = 2 Ql 3 a2 £>3 3 • • -pf*, m' = 2 a ' 1 3 a ' 2 p 3 X3 ■ ■ -p"* be 
the prime decomposition, respectively. 

Proof. (I) Assume that (I2.9P has a solution, 
(i) Assume 2 | mm'. 

(a), u I / and (—,u) = 1. By Lemma [2.41 

( fa) 2 + + £ ^ 

= 



(2.12) 



14 



(mod u) 



(2.13) 



has a solution, which implies 

_ S f fs' _ fs' 2 

m m' m! 
Consequently, (12. 101) holds. 

(b) . Similarly, (12~TTj) holds. 

(c) . If there exists 1 < iq < t such that cti > a' io > 0, then —^^ = (mod u) with 



u = io+ by (12.131) . This is a contradiction. 



(d). Similarly, if there exists 1 < iq < t such that a' io > a,- l0 > 0, then there exists a 
contradiction. 

(ii) Assume 2 \ mm'. 
(a), u | / and = 1. 



•1"2 
2/2 

2/i 

2/3 

_ ^(2xix 3 + x 3 ) 
has a solution, which implies 



2fs 
m 



_2fs 

m 
2/s 



x 3 



2/V 
m! 



(mod m 
(mod w 
(mod u 
(mod u 
(mod w 
(mod u 
(mod it 



(2.14) 



r = ( — t) (mod lil 



(2.15) 



fsfl 

mm' ' m' 

Consequently, — s = m'V (mod m') when m = m"m' and [m! , m") = 1. 

(b) . Similarly, — s' = m"s (mod m) when m' = m"m. 

(c) . Similarly, if there exists 1 < io < t such that a' io > «j > 0, then there exists a 
contradiction. 

Conversely, we shall show that (12. 9p has a solution step by step. 
(II) Assume 2 | mm'. 

(i) Assume m! \ m and f = m = m"m' with (m', m") = 1. 
(a). 2fm'. 

Xiyi = (mod m') 

x 2 2/2 = s (mod m') 

3^32/3 

^12/2 + ^22/1 

^12/3 + ^32/1 

^ x 3 y 2 + x 2 y 3 

has a solution: Xi = — 1,3/1 = 0, x 2 = l,y 2 — s , x 3 — 1)2/3 — ~ s - m fact, £i2/i = 0, 

X22/2 = s, x 3 2/3 = -s = ra'V (by (|2.1()|)), + ^22/1 = ^i?/3 + ^32/i = s = -m'V (by 
112. 10ft ). + = (mod m'). 



m" s' (mod ra') 



— s (mod m') 
—m"s' (mod m') 
(mod m') 
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X2V2 

x 3 y 3 

xm + x 2 yi 
xiV3 + x 3 yi 
x 3 y 2 + x 2 y 3 



mm 



EE S 

= 

= — s 

EE 

EE 



mod m") 
(mod m") 
(mod m") 

(mod m") 
(mod m") 
(mod m") 



has a solution. 



x\ = — ,V\ = 1, ^2 
fact, = ^rj- ee S-m' (since m' is odd), x 2 y 2 

+ EE S , £ 3 ?/3 = 0, 3712/2 + = ^H 1 ~ 

a^32/2 + 2:22/3 = 0, (mod m"). 

Consequently, (12.51) has a solution, 
(b). 2 | ml. 



XiVi 
x 2 y 2 
x 3 y 3 

xm + x 2 yi 
xiy 3 + x 3 yi 
L x 3 y 2 + x 2 ?/3 



s - \,y 2 = -\ - 1, x 3 = 0,y 3 = 0. In 

-5 - =f )(-l - =f ) EE ( S + S ^ + 2f 
+ {S ~ ^f) EE -S, XiJ/3 + X 3 ?/i EE 0, 



(mod m") 
s (mod m") 
(mod m") 
— s (mod m") 
(mod m") 
(mod m") 



has a solution : sci = — 1, y\ = 0, x 2 = 1, 2/2 = s, x 3 = 0, y 3 = 0. 



X\yi ee y (mod m') 

x 2 y 2 ee s (mod m') 

x 3 y 3 ee m'V (mod m') 

Xiy 2 + x 2 yi ee — s (mod m') 

X1J/3 + x 3 y\ ee —m"s' (mod m') 

k 2:32/2 + 2:22/3 = (mod m') 

has a solution : Xi — y,|/i = ( — 1 ~~ t) s ' X2 = 1j 2/2 = s ) 2:3 = s' 1 s'm" ,y 3 = —s'm". In 
fact, Xij/i = y(— 1 — y)s ee y, x 2 2/2 = s, x 3 y 3 = s^ 1 s'm" (—s'm") = s^s'ml's = s'm", 
xm + x 2Vl = fs + (-1 - f )s ee - s> x l2/3 + 2:32/1 ee f(-s'm") + S -Vm"(-1 - f )a ee 
-|s'm" — s'm" — s'm"y ee —s'm", x%y 2 + £22/3 ee (mod m'). 
Consequently, (12.51) has a solution. 

(ii) Assume f = m, m \ m' and f = m' = mm" with (m",m) = 1. This is similar to 
Part (i). 



16 



(iii) Assume / = mm', 2 | m and 2 \ m! with (m', m) — 1. 

(mod m) 
m's (mod m) 
(mod m) 
—sm' (mod m) 
(mod m) 
(mod m) 

has a solution: xi = y, ?/i = m', x 2 = — s — y, y 2 = m'(— y — 1), x 3 = 0, ^3 = 0. In fact, 
= 2fl, x 22/2 = (-5 - f )(m'(-f - 1)) = (s + f (s + f + l))m' = sm', x 3 y 3 = 0, 
£12/2 + ^22/1 = m'(-f f -f -s-f) = -sm', Xiy3 + x 3 t/i = 0, x 3 y 2 + x 2 y 3 = (mod m). 



ziyi = 

^22/2 = 

^32/3 = 

£12/2 + a:22/i = 

xm + ^32/1 = 

. X3V2 + x 2 y 3 = 



£22/2 
£32/3 

Z12/2 + 3:22/1 
xm + xm 

x 3 y 2 + x 2 y 3 



(mod m') 
(mod m') 
ms' (mod m') 
(mod m') 
— ms' (mod m') 
(mod m') 



has a solution: Xi = — l,2/i = 0, x 2 = 0,y 2 = 0, x 3 = l,y 3 = ms'. 

(iv) Assume / = mm', 2 | m' and 2 f m with (m', m) = 1. It is similar to Part (iii). 
(Ill) Assume 2 \ mm' . Let n = 2fk 4 . Assume that 



= fk A (mod n) 

= —fed (mod n) 
= (mod n) 

= — ^4 (mod n) 

= — ^/&4 (mod n) 

= (mod n) 



^i2/i 
x 2 y 2 

X3V3 

xiy 2 + X22/1 
xm + ^32/1 
L ^32/2 + x 2 y 3 

has a solution, where (s,m) = 1 and (s',m') = 1. 
(i) Assume f = m, m' \ m and f = m = m"m'. 
(a). Obviously, 

= 1 (mod 2) 
x 2 y 2 = (mod 2) 

x 3 y 3 = (mod 2) 

xiy 2 + x 2 yi = (mod 2) 
£i2/3 + a^32/i = (mod 2) 
L x 3 y 2 + x 2 y 3 = (mod 2) 



(2.16) 
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has a solution. 



xiyi 
X2IJ2 

x 3 y 3 

xm + x 2 yi 
xm + x 3 yi 

I X3V2 + X2V3 



(mod m) 
2s (mod m) 
2s'm" (mod m) 
—2s (mod m) 
—2s'm" (mod m) 
(mod m) 



1,2/a 



si, £3 



-1 „/ 



Sim ,y 3 



si, xm 



s 1 ^s' 1 m'\—s\m") = 2s' m" (mod m) 
0. 



has a solution: x\ — 0,yi = — Si, x 2 
si = 2s, s' x = 2s'. In fact, X\y\ = 0, x 2 ?/2 

by p.lip. xxy 2 + x 2 yi = -2s. x x y 3 + x 3 y x = -2s 1 m". x 3 y 2 + x 2 y 3 
(b). By Part (a), one obtains that (12.161) has a solution, 
(ii) Assume / = m', m \ m' and f = m' = mm". This is similar to Part (i). 
mm' with (m',m) = 1. Obviously, 



s\m'' where 



(hi) Assume / 



has a solution and 



xm 
x 2 y2 
x 3 y 3 

xm + x 2 yi 
xm + x 3 y x 
L x 3 y 2 + x 2 y 3 



xm 
x 2 y2 
x 3 y 3 

xm + x 2 yi 
xm + x 3 yi 
x 3 y 2 + x 2 y 3 



1 







(mod 2 
(mod 2 
(mod 2 
(mod 2 
(mod 2 



= (mod 2 



(mod m) 
2sm! (mod m) 
(mod m) 
—2sm! (mod m) 
(mod m) 
(mod m) 



has a solution: xi = —1, y± = 0, x 2 = 1, 2/2 = 2m's, X3 = 0,2/3 = 0; 



< 



xm 
x 2 y2 
x 3 y 3 

xm + x 2 y\ 
xm + xm 

I x 3 y 2 + x 2 y 3 



(mod m') 
(mod m') 
2s'm (mod m') 
(mod m!) 
—2s'm (mod m') 
(mod m') 



has a solution: X\ = —1, = 0, x 2 = 0, y 2 = 0, x 3 = 1, y 3 = 2s' m. □ 
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Theorem 2.6. If ( V, (g y ) 2x2) 2s a braided vector space, then V is a connected Z. n -YD 
module such that dim 03 (y) < 00 if and only if one of the following conditions holds: 
(i ) The generalized Dynkin diagram of V is Weyl equivalent to 



-Iq- 1 -! 



, q G R m ,m > 2. 



(li ) The generalized Dynkin diagram of V is Weyl equivalent to 



-ic -ic -1 



(Hi j TTie generalized Dynkin diagram of V is Weyl equivalent to 
q n — \ r^~ r 

# _L__ # # ; = u>/ien a^a^ 7^ for 1 < z < t\ — s = to s (mod m') w/ien 

m = m"m! and (to", to') = 1; — s = m/V (mod m) when m! = m"m and (m,m") = 1; 
i/ere g G i? m , r G Rm',co E R n , m > l,m' > 1; q r, q r _1 ; (s, m) = 1; (s', to') = 1; q = 
u 1 ^ , r = u~^~ ; m = 2 ai 3 Q2 P3 3 • • -pf*, to' = 2 a '^3 a ' 2 p^ 3 ■ ■ •p^ t be the prime decomposition, 
respectively. 



Proof. The necessity. By [He05cJ Th. 12], we need consider [He05c, Table 2]. 
(1) Row 1 of [He05cl Table 2]. By Lemma EU 



X1V1 

X2V2 

x 3 y 3 

xiy 2 + x 2 yi 
xiV3 + x 3 yi 
{ x 3 y 2 + x 2 y 3 

has a solution. Thus by Lemma 12.31 
( 

X\ = 

Vx = 

2/2 = 
2/3 = 



= sk (mod n) 

= sk (mod n) 

= sA; (mod n) 

= — sA; (mod ri) 

= —sk (mod n) 

= (mod n) 



1 

ks 



x 2 )ks 
x 3 )ks 



(x 2 ) 2 + x 2 + l = 
(x 3 ) 2 + x 3 + 1 = 








2x 2 x 3 + x 2 + x 3 = 

has a solution, which implies that 2 { m and 

(2x 2 + l) 2 
(2x 3 + I) 2 

(2x 2 + l) (2x 3 + l) = 



(mod n) 
(mod n) 
(mod n) 
(mod n) 
(mod to) 
(mod to) 
(mod to) 



-3 
-3 



(mod to) 
(mod to) 
(mod to) 



has a solution. One gets 9 = 1 (mod to), which is a contradiction. 
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(2) Row 2 of [He05cl Table 2]. By Lemma HU 



xiyi 

X3V3 

xiy 2 + x 2 yi 
x 3 V2 + x 2 y 3 

has a solution. Thus by Lemma 12.31 

x 2 = 

V2 = 

yi = 
y-i = 



sk (mod n) 
2sk (mod n) 
2sk (mod n) 
—2sk (mod n) 
(mod n) 
—2sk (mod n) 



1 

ks 



-2 — x\)ks 
-x 3 )ks 



(xi) 2 + 2xi + 2 = 
(xz) 2 + 2 
2xiX 3 + 2x 3 



= 
= 2 



(mod n) 
(mod n) 
(mod n) 
(mod n) 
(mod to) 
(mod to) 
(mod to) 



has a solution, which implies that 

(xi + l) 2 

fe) 2 

2(x a + l)x 3 



= -2 
= 2 



(mod to) 
(mod to) 
(mod to) 



has a solution. One gets 4 = 2 (mod to), which implies that to | 2. This is a contradic- 
tion. 

(3) By Lemma [1.1 \ 

xiVi 

x 2 y2 

X3V3 

xiy2 + x 2 yi 
xm + x 3 yi 

X3V2 + X 2 y3 

has a solution. Thus by Lemma 12.31 



sk (mod n) 
2sk (mod n) 
sk (mod n) 
—2sk (mod n) 
—sk (mod n) 
(mod n) 



X\ 

in 

2/3 

(x 2 ) 2 + 2x 2 + 2 
(x 3 ) 2 + x 3 + 1 
2x 2 x 3 + z 2 + 2x 3 



1 

A'.s 



-2 
-1 



X2)ks 
x 3 )ks 









(mod n) 
(mod n) 
(mod n) 
(mod n) 
(mod to) 
(mod to) 
(mod to) 
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has a solution, which implies that 2 \ to and 

(x 2 + l) 2 = —1 (mod m) 

[2x 3 + l) 2 = -3 (mod to) 

(x 2 + l)(2x3 + 1) = 1 (mod m) 

has a solution. One gets 3 = 1 (mod m), which implies that m | 2. This is a contradic- 
tion. 

(4)(i) 2 | to. By Lemma 

xiVi 

X3V3 

x\y 2 + x 2 y% 
%m + x 3 yi 
x 3 y 2 + x 2 y 3 

has a solution. Thus by Lemma 12.31 

X\ =1 (mod n) 

yi = ks (mod n) 

y 2 = (— 1 — x 2 )ks (mod n) 

y 3 = (— 1 — x 3 )ks (mod n) 

(x 2 ) 2 + x 2 + 1 = (mod to) 

(x 3 ) 2 + x 3 + f =0 (mod to) 

2x2^3 + x 2 + x 3 = (mod to) 

has a solution, which implies that 2 { to. This is a contradiction. 

(ii) 2 { to. Let k = 2k\ and Si = 2s. Obviously, (si,m) = 1. By Lemma [1 . 1 \ 



sk (mod n) 
sk (mod n) 
?jsk (mod n) 
—sk (mod n) 
—sk (mod n) 
(mod n) 



&i2/i 
x 2 y 2 
x 3 y 3 

x\y 2 + x 2 yi 
x\y 3 + a; 3 y! 

2^32/2 + x 2 y 3 
has a solution. Thus by Lemma 12.31 

Xi = 

Vi = 

yi = 

2/3 = 
(x 2 f + x 2 + l = 



sxki (mod |) 
sifei (mod |) 
(mod |) 
— si&i (mod ~) 
— Si^i (mod |) 
(mod f) 



(x 3 ) 2 + x 3 = 
2x 2 x 3 + x 2 + x 3 



1 

(-1 
(-1 







x 2 )sih 
x 3 )sih 



(mod f ) 
(mod f ) 
(mod f ) 
(mod f ) 
(mod to 
(mod to 
(mod to 
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has a solution, which implies that 2 \ m and 



(2X 2 + 1) 2 EE -3 

(2x 3 + 1) 2 = 1 

(2x 2 + 1) (2x 3 + 1) = 1 



(mod m) 
(mod m) 
(mod m) 



has a solution. One gets —3 = 1 
contradiction. 



(mod m), which implies that m | 4. This is a 



(5)(i) 2 | m. By Lemma [1.1[ 



ee sfc (mod n) 
ee 2s/c (mod n) 
mod n) 
2sk (mod n) 
£32/2 + X2IJ3 = (mod n) 
Xiy 3 + x 3 ^i ee — 2sk (mod n) 



xiyi 

XlU2 + ^22/1 



has a solution. Thus by Lemma 12.31 



x 2 

2/2 

2/i 

2/3 

(*l) 2 

2xix 3 + 2x 3 



1 

ks 



-2 — Xi)ks 
-x 3 )ks 



2xi + 2 EE 



m 
2 



(mod n) 
(mod n) 
(mod n) 
(mod n) 
(mod m) 
(mod m) 
(mod ml 



has a solution, which implies that 




m 
' 2 



(mod m) 
(mod m) 
(mod m) 



has a solution. One gets = 2 (mod m), which implies that m | 2. This is a contradic- 
tion. 

(ii) 2 \ m. Let & = 2k\ and si = 2s. Obviously, (s\,m) = 1. By Lemma [1. 11 



(mod f ; 



(mod 



X22/2 = s x A;i 

X12/1 = 2sxh 

X3V3 = 

a^i2/2 + x 2 yi = -2sik t (mod |) 

^32/2 + ^22/3 = (mod |) 

^ X12/3 + x 3 yi ee -2S1&! (mod ~) 



(mod f ; 
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has a solution. Thus by Lemma 12.31 



x 2 

1/2 

in 

{ Xl f + 2xi + 2 
(*s) 2 

2xiX 3 + 2x 3 
has a solution, which implies that 



1 

sih 

(-2 - x^sifa 

{-x 3 )siki 





2 



(mod f ) 
(mod f ) 
(mod f ) 
(mod f ) 
(mod m) 
(mod m) 
(mod m) 




-1 



2 



(mod m) 
(mod m) 
(mod m) 



has a solution. One gets = 2 (mod m), which implies that m | 2. This is a contradic- 
tion. 

(6)(i) 2 I m. By Lemma 

v\V\ 

X 2 y 2 
X 3 y 3 

XlV2 + x 2 yi 

xm + x 3 yi 
L x 3 y 2 + x 2 y 3 

has a solution. Thus by Lemma 12.31 



sk (mod n) 
2sk (mod n.) 
^sk (mod n) 
— 2sfc (mod n) 
—sk (mod n) 
(mod n] 



X\ 

Hi 

1/2 
2/3 

(x 2 ) 2 + 2x 2 + 2 
(x 3 ) 2 + x 3 + f 
2x 2 x 3 + x 2 + 2x 3 



1 

fcs 

(—2 — x 2 )ks 

(—1 — x 3 )ks 









(mod n) 
(mod n) 
(mod n) 
(mod n) 
(mod m) 
(mod m) 
(mod m) 



has a solution. The Equation 5 implies 4 { m and The Equation 6 implies 4 | m. This is 
a contradiction. 



23 



11 



m. 



Let k = 2k\ and s\ = 2s. Obviously, (si,m) = 1. By Lemma 



xiVi 
X2V2 

X 3 y 3 

xm + x 2 yi 

x 3 V2 + x 2 y 3 
has a solution. Thus by Lemma 12.31 



Xl 

Vi 

1)2 
2/3 

(x 2 f + 2x2 + 2 



s\ki (mod |) 
2 Sl h (mod f) 
(mod f ) 
-2s x k x (mod 2) 
— siki (mod |) 
(mod f ) 



(xa) 2 + £3 



1 

(-2 

(-1 






x 2 )siA;i 
z 3 )siA;i 



2x 2 x 3 + x 2 + 2x 3 : 
has a solution, which implies that 2\m and 

(x 2 + l) 2 



(mod |) 
(mod f ) 
(mod f ) 
(mod f ) 
(mod m) 
(mod m) 
(mod m) 



(2x 3 + I) 2 

(x 2 + l) (2X3 + 1) 



= 1 
= 1 



(mod to) 
(mod to) 
(mod to) 



has a solution, 
contradiction. 



One gets —1 = 1 (mod to), which implies that m \ 2. This is a 



(7)(i) 2 I m. By Lemma [1.1 1 

xm 

X2V2 
X3V3 

xm + X2V1 
xm + x 3 y x 

X3V2 + X2V3 

has a solution. Thus by Lemma 12.31 

Xl E 

2/1 = 

2/2 = 
2/3 = 

(x 2 ) 2 + 3x 2 + 3 = 

(x 3 ) 2 + X 3 + f E 

2x 2 x 3 + x 2 + 3x 3 e 



sfc (mod n) 
3sk (mod n) 
Ysk (mod n) 
— 3sfc (mod n) 
—sk (mod n) 
(mod n) 



1 



-3 
-1 



X2)ks 
x 3 )ks 









(mod n) 
(mod n) 
(mod n) 
(mod n) 
(mod m) 
(mod m) 
(mod m) 
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has a solution, which implies that 2 \ m. This is a contradiction. 

(ii) 2 \ m. Let k = 2k\ and s\ = 2s. Obviously, (si,m) = 1. By Lemma 



X2V2 

xm + x 2 yi 

xm + xm 
xm + x 2 y 3 

has a solution. Thus by Lemma 12.31 



(mod |) 



35!^! (mod 



3 




mod i; 



-3siki 
-sih 



(mod |) 
(mod |) 



= 



(mod f ) 



X\ 


= 1 






(mod 


-) 

2> 


Vi 


= Si 


h 




(mod 


n \ 
2> 


1)2 


= (" 


-3 


- ^2)5^1 


(mod 


n \ 
2> 


V3 


= (" 


-1 


- x 3 )sik 1 


(mod 


n \ 
2> 


{x 2 f + 3x 2 + 3 


= 






(mod 


m 


(x 3 ) 2 + x 3 


= 






(mod 


m 


2^2X3 + x 2 + 3x 3 


= 






(mod 


m 



has a solution, which implies that 2 \ m and 

(2x 2 + 3) 2 = 
(2x 3 + I) 2 

(2x 2 + 3) (2x 3 + l) = 



1 

3 



(mod m) 
(mod m) 
fmod m) 



has a solution. One gets —3 = 9 (mod m), which implies that m | 12. This is a 
contradiction. 

(9) It follows from Lemma [2.51 

(10) (i) 2 I m. By Lemma EH 

= sk (mod n) 

= ^sk (mod n) 

= sk (mod n) 

= (mod n) 

= —sk (mod n) 

= —sk (mod n) 



xm 
xm 

X2V2 

xm + x 2 y 3 
xm + x 3 yi 
xm + x 2 yi 
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has a solution. Thus by Lemma 12.31 



^3 
2/3 

Vi 

2/2 

(x!) 2 + X! + f 
{X2? + 1 

2x 2 xi + x 2 



1 

fcs 

(—1 — xi)ks 

{-x 2 )ks 





1 



(mod n) 
(mod n) 
(mod ?7.) 
(mod n) 
(mod m) 
(mod m) 
fmod m) 



has a solution. Equation 5 above implies 4 | m and Equation 6 above implies 4 { m. This 
is a contradiction. 

(ii) 2 \ m. Let /c = 2ki and si = 2s. Obviously, (si,m) = 1. By Lemma then 
consider a solution of the system of polynomial congruences: 



< 



^32/3 

xiVi 

X2V2 

X3V2 + x 2 y 3 
xm + xm 

{ xiy 2 + x 2 yi 
has a solution. Thus by Lemma 12.31 



sifa 
( 

o ( 

-siki 



(mod f ; 

mod f) 

(mod r, 



mod I' 



(mod f ; 
(mod f ; 



2/3 

2/i 

2/2 

(Xi) 2 + Xi 

(x 2 ) 2 + 1 
2x 2 xi + x 2 



1 

(—1 — xi)si&;i 

(-x 2 )siA;i 





1 



(mod f ) 
(mod f ) 
(mod f ) 
(mod f ) 
(mod m) 
(mod m) 
(mod m) 



has a solution, and 



(2X! + l) 2 
(2xi + l)x 2 



has a solution. One gets 
contradiction. 



= 1 (mod m) 
= —1 (mod m) 
= 1 (mod m) 

(mod m), which implies that m | 2. This is a 
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'11) m — 6. By Lemma 



xm 

xiy 2 + x 2 yi 

xm + x 2 y 3 

{ xm + xm 



2sk (mod 6k) 
3k (mod 6k) 
2sk (mod 6k) 
—2sk (mod 6 k) 
(mod 6k) 
—2sk (mod 6k) 



has a solution. Let si = 2s. Obviously, (si,3) = 1. Thus 



x 2 y 2 
xm 
x 3 y3 

xm + x 2 y x 
xm + x 2 y 3 
{ xiyz + x^yx 

has a solution. Thus by Lemma 12.31 



= S\k (mod 3/c) 

= (mod 3k) 

= sifc (mod 3/c) 

= — Sik (mod 3fc) 

= (mod 3k) 

= —Sik (mod 3A;) 



x 2 


= 1 


(mod 3k) 


IJ2 


= Sxk 


(mod 3A;) 


Ul 


= (—1 — Xi)sik 


(mod 3A;) 


V3 


= (-x 3 )s 1 k 


(mod 3A;) 


(xi) 2 + Xi 


= 


(mod 3) 


(x 3 ) 2 + 1 


= 


(mod 3) 


2x x x 3 + x 3 


= 1 


(mod 3) 



has a solution, which implies that 



{2xi + I) 2 
(*s) 2 

(2x 1 + l)x s 



(mod 3) 
(mod 3) 
(mod 3) 



has a solution. One gets —1 = 1 
(12) m = 6. By Lemma [1.11 



(mod 3), which is a contradiction. 



x 2 y 2 
xiyi 
x-m 

xm + x 2 yi 
x 3 y 2 + x 2 y 3 
{ xiy 3 + x 3 yi 



2sk (mod 6A;) 

3A; — 2sk (mod 6k) 

3k — 2sk (mod 6k) 

3k + 2sk (mod 6k) 

(mod 6A;) 

3k + 2sk (mod 6A;) 
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has a solution. Let si = 2s. Obviously, (si,3) = 1. Thus 



X 2 V2 

x 3 y 3 

xxvi + x 2 yi 
x 3 y 2 + x 2 y 3 
xiy 3 + x 3 y! 

has a solution. Thus by Lemma 12.31 



x 2 

1/2 



S\k (mod 3k) 
—Sik (mod 3A;) 
— S\k (mod 3A;) 
s\k (mod 3k) 
(mod 3k) 
s\k (mod 3k) 



[xiY - Xi - 

(x 3 ) 2 - 1 
2xix 3 - x 3 



1 

s±k 

(1 — Xi)sik 

(-x 3 )s 1 k 





EE 



(mod 3/c) 
(mod 3k) 
(mod 3fc) 
(mod 3k) 
(mod 3) 
(mod 3) 
(mod 3) 



and 



(2*! - l) 2 
(2xi - l)x 3 



EE 5 
EE 1 



(mod 3) 
(mod 3) 
(mod 3) 



have solutions. One gets 5 = 1 (mod 3), which is a contradiction. 



(13) (1) m — 6. By Lemma fl.ll 



x±yi 
x 2 y2 
xm 

x±y 2 + x 2 y% 
x 3 yi + xiy 3 
L x 2 y 3 + x 3 y 2 



2sk (mod 6k) 
3k (mod 6fc) 
2sk (mod 6fc) 
— 4sfc (mod Qk) 
—2sk (mod 6/c) 
(mod 6k) 



has a solution. Let Si 



2s. Obviously, (si,3) = 1. Thus 

EE Sik 



xiyi 
x 2 y 2 
x 3 y 3 

xiy 2 + x 2 yi 
xiy 3 + x 3 yi 
x 3 y 2 + x 2 y 3 



mod 3k) 
(mod 3Jfc) 
S\k (mod 3k) 
—2s\k (mod 3k) 
—sik (mod 3k) 
(mod 3fc) 
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has a solution. Thus by Lemma 12.31 



X\ 


= 1 


(mod 


3k) 


111 


= s\k 


(mod 


3k) 


2/2 


= (-2-x 2 )siA; 


(mod 


3k) 


2/3 


= (-l-x 3 )siA; 


(mod 


3k) 


(x 2 ) 2 + 2x 2 


= 


(mod 


3) 


(x 3 ) 2 + x 3 + 1 


= 


(mod 


3) 


2X2X3 + x 2 + 2x 3 


= 


(mod 


3) 



has a solution, which implies that 

(X 2 + l) 2 



(2x 3 
(2x 3 



I) 2 

l)(x 2 + l) 



1 

-3 

1 



(mod 3) 
(mod 3) 
(mod 3) 



has a solution. One gets —3 = 1 
(13) (2) m — 6. By Lemma 



(mod 3), which is a contradiction. 



xiyi 

X2V2 

xm + x 2 yi 
x 3 yi + xm 

X2V3 + X 3 V2 

has a solution. Thus by Lemma 12.31 

Xi : 
2/i ; 

2/2 = 

2/3 : 

(x 2 ) 2 + 2x2 + 3 : 

(x 3 ) 2 + x 3 + 1 = 

2x 2 x 3 + x 2 + 2x 3 : 



sk (mod 6k) 
3sk (mod 6k) 
sk (mod 6k) 
—2sk (mod 6k) 
—sk (mod 6k) 
(mod 6k) 



1 

sk 



-2 
-1 



x 2 )sk 
x 3 )sk 









(mod 6&) 
(mod 6&) 
(mod 6k) 
(mod 6/c) 
(mod 6) 
(mod 6) 
(mod 6) 



has a solution. Equation 6 above has not any solutions. 
(14) m = 6. By Lemma [TTTJ 



£22/2 
X3V3 

X\V2 + x 2 y\ 
X3V2 + ^22/3 

xiV3 + x 3 yi 



2sfc (mod 6k) 

3k — 2sk (mod 6k) 

3k (mod 6A;) 

3fc + 2sk (mod 6A;) 

(mod 6k) 

3k + 2s& (mod 6k) 
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has a solution. Let si = 2s. Obviously, (si,3) = 1. Thus 



X 2 V2 

x 3 y 3 

xxvi + x 2 yi 
x 3 y 2 + x 2 y 3 
xm + x 3 yi 



= S\k (mod 3k) 

= —Sik (mod 3A;) 

= (mod 3A;) 

= s\k (mod 3k) 

= (mod 3k) 

= s\k (mod 3k) 



has a solution. By Lemma 12.31 



x 2 

IJ2 

y\ 

2/3 

(Xi) 2 - Xi - 

(x 3 ) 2 

2x 1 x z - x 3 



has a solution, which implies that 

(2xi- 



1 

s±k 

(1 — X!)S!/C 

(-x 3 )siA; 





-1 



(mod 3k) 
(mod 3k) 
(mod 3fc) 
(mod 3k) 
(mod 3) 
(mod 3) 
(mod 3) 



5 




(2 Xl -l)x 3 = -1 



(mod 3) 
(mod 3) 
(mod 3) 



has a solution. One gets = 1 (mod 3), which is a contradiction. 
(16) m = 6. By Lemma fl.ll 



xiyi 
x 2 y2 
x 3 y 3 

x\y 2 + x 2 yi 
x 3 yi + xm 
x 2 y 3 + x 3 y 2 



2sk (mod 6A;) 

3k + 2sk (mod 6k) 

3k (mod 6A;) 

3k — 2sk (mod 6k) 

—2sk (mod 6k) 

(mod 6k) 



has a solution. Let si = 2s. Obviously, (si,3) = 1. Thus 



xiyi 
x 2 y 2 
x 3 y 3 

x\y 2 + x 2 yt 
xiy 3 + x 3 y! 
L x 3 y 2 + x 2 y 3 



= s\k (mod 3k) 

= s\k (mod 3k) 

= (mod 3k) 

= —Sik (mod 3k) 

= — s\k (mod 3k) 

= (mod 3k) 
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has a solution. Thus by Lemma 12.31 



■t'l 
Vi 

1)2 
2/3 

(x 2 ) 2 + x 2 + 1 
(x 3 ) 2 + x 3 
2x 2 x 3 + x 2 + x 3 

has a solution, which implies that 



1 

sik 

(-1 

(-1 








x 2 )sik 
x 3 )s x k 



(mod 3k) 
(mod 3k) 
(mod 3k) 
(mod 3fc) 
(mod 3) 
(mod 3) 
(mod 3) 



(2x 2 + l) 2 
(2x 3 + I) 2 

(2X 3 + 1) (2*2 + 1) = 1 



EE -3 
EE 1 



(mod 3) 
(mod 3) 
(mod 3) 



One gets —3 = 1 (mod 3), which is a contradiction. 
(17) m — 6. By Lemma 



xiyi 
x 2 y 2 
x 3 y 3 

xiy 2 + x 2 yi 
x 3 yi + xiy 3 

x 2 y 3 + a?3j/a 



2sA; (mod 6k) 
3A; (mod 6k) 
3k (mod 6k) 
—2sk (mod 6k) 
3k (mod 6fc) 
(mod 6k) 



has a solution. Let si 



Obviously, 


>i,2) = 


1. Thus 


Xiyi 


EE 


(mod 2k) 


x 2 y 2 


EE k 


(mod 2/c) 


x 3 y 3 


EE jfe 


(mod 2k) 


%m + x 2 yt 


EE 


(mod 2&) 


ztffy + x 3 yi 


EE jfe 


(mod 2A;) 


x 3 y 2 + x 2 y 3 


EE 


(mod 2k) 



has a solution. By Lemma [2.31 



x 2 

2/2 

2/i 

2/3 

(*l) 2 

(x 3 ) 2 + 1 

2XiX3 



1 

jfe 

(— xi)A; 
(-x 3 )fe 



-1 



(mod 2k) 
(mod 2k) 
(mod 2/c) 
(mod 2k) 
(mod 2) 
(mod 2) 
(mod 2) 
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has a solution. The last equation above has not any solutions. 

at 



m 



9. By Lemma m 



xiyi 

X2V2 

x 3 y 3 

xiV2 + x 2 yi 
x 3 yi + xiV3 

X 2 V3 + x 3 y 2 
has a solution. Thus by Lemma 12.31 

X\ = 

Vx = 

y2 = 
ys = 

(x 2 ) 2 + x 2 - 3 = 
(x 3 ) 2 + x 3 + 1 = 
2x 2 x 3 + x 2 + x 3 

has a solution, which implies that 

(2x 2 + l) 2 
(2x 3 + I) 2 
(2x 3 + l)(2x 2 + 



sk (mod 9k) 
—3sk (mod 9A;) 
sk (mod 9k) 
—sk (mod 9k) 
—sk (mod 9k) 
(mod 9Jfc) 



1 

sk 

(—1 — X2)sk 

( — 1 — X3)sfc 







= 4 



1) = 1 



(mod 9k) 
(mod 9k) 
(mod 9fc) 
(mod 9fc) 
(mod 9) 
(mod 9) 
(mod 9) 



(mod 9) 
(mod 9) 
(mod 9) 



has a solution. One gets —12 = 1 (mod 9), which is a contradiction. 

The sufficiency It follows from Lemma T2.2I that dim 55 (V) < oo when the generalized 
Dynkin diagrams are in Row 8, 9, 15 [He05ct Table 2]. By [He05ct Th. 12], we need 
decide if Row 8, Row 9 and Row 15 in |He05ct Table 2] are kG- YD modules. 

(i) Row 8 |He05cl Table 2]. There exists a DDG q , q 1 ~ lg , 9 \ q G R m , in 
Row 8 [He05cl Table 2]. It follows from Lemma [2.51 when one sets s = —s'. 

(ii) Row 15 |He05cl Table 2]. 



%xVx 

x 2 y2 
x 3 y 3 

xiy 2 + x 2 yi 
xm + xxy-z 
L x 2 y 3 + x 3 y 2 



2sk (mod 6k) 
3sk (mod 6k) 
3sk (mod 6k) 
2sk (mod 6k) 
—2sk (mod 6k) 
(mod 6k) 



has a solution: x 2 — l,y 2 — 3ks, X\ = 4, ?/i = 2sA;, X3 = 5, 2/3 = 3ks. 
(iii) Row 9 [He05cl Table 2]. It follows from Lemma [2.51 □ 
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3 Rank > 3 



In this section it is proved that every finite dimensional super Nichols algebra is a quantum 
linear space; the Nichols algebra of every connected YD module V over finite cycle group 
Z n with dimV > 3 is infinite dimensional. 



Theorem 3.1. If V is a connected k7L n -Yetter-Drinfeld module with diagonal type and 
rank > 3, then dimQ3(V) = oo and A(*B(V)) is infinite. 

Proof. It is enough to show this in the case dim V = 4. 

All GDDs in |He06a[ Table B] contain GDDs in |He05cl Table 2] but four cases Row 
18, Row 20 , Row 21, Row 22 in |He06al Table B]. In detail, A GDD in Row 1 [He06al 
Table B] contains a GDD in Row 1 [He05cl Table 2]. A GDD in Row 2 |He06al Table B] 
contains a GDD in Row 2 [ He05cl Table 2]. A GDD in Row 3 |He06al Table B] contains 
a GDD in Row 3 |He05cl Table 2). A GDD in Row 4 in |He06al Table B] contains a GDD 
in Row 3 [He05cl Table 2]. A GDD in Row 5 [ He06al Table B] contains a GDD in Row 1 
|He05d Table 2]. A GDD in Row 6 [He06al Table B] contains a GDD in Row 1 |He05d 
Table 2]. A GDD in Row 7 [He06al Table B] contains a GDD in Row 2 [He05d Table 
2]. A GDD in Row 8 |He06al Table B] contains a GDD in Row 3 [He05cl Table 2]. A 
GDD in Row 9 |He06al Table B] contains a GDD in Row 2 |He05cl Table 2]. A GDD in 
Row 10 |He06al Table B] contains a GDD in Row 4 |He05d Table 2]. A GDD in Row 11 
|He06al Table B] contains a GDD in Row 5 |He05cl Table 2]. A GDD in Row 12 [He06al 



Table B] contains a GDD in Row 6 |He05cl Table 2]. GDD 1 in Row 13 |He06al Table 
B] contains GDD 2 in Row 10 [He05cl Table 2]. A GDD in Row 14 in [He06al Table B] 
contains a GDD in Row 4 |He05d Table 2]. A GDD in Row 15 [He06al Table B] contains 
a GDD in Row 12 |He05d Table 2]. A GDD in Row 16 [He06al Table B] contains a GDD 
in Row 12 [He05cl Table 2]. GDD 3 in Row 17 [HeOGal Table B] contains GDD 3 in Row 
16 [He05cl Table 2]. A GDD in Row 19 [He06a| Table B] contains a GDD in Row 14 
[Hc05c, Table 2]. By Theorem 12.61 they are not GDDs of any kG-YD modules, 
(i) Row 18. n = mk, m = 6, (s,m) = 1. By Lemma [1. 11 

XiDi = —2sk (mod n) 

X2V2 = —2sk (mod n) 

Xzyz = 2sk (mod n) 

X\y2 + x 2 yi = 2sk (mod n) 

xm + x 3 yi = (mod n) 

k x 3 y 2 + x 2 y 3 = 2sk (mod n) 
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has a solution. Let si = 2s. Obviously, (si,3) = 1. Thus 



Ziyi 

X 2 V2 
X 3 y 3 

xvy 2 + x 2 yi 

xm + 2*2/1 
L x 3 y 2 + x 2 y 3 

has a solution. Thus by Lemma 12.31 

x 3 = 

2/3 = 

Vi = 

y 2 = 
(*i) 2 -i 

(x 2 ) 2 -x 2 -l = 
—2x\x 2 + x\ 

has a solution, which implies that 

(2x 2 - l) 2 
(*i) 2 

xx{-2x 2 + 1) 



— Sx& (mod 3k) 
—Sik (mod 3fc) 
siA; (mod 3k) 
s\k (mod 3/c) 
(mod 3k) 
Sik (mod 3k) 



1 

— XiSi/c 

(1 - x 2 )sik 





1 



(mod 3k) 
(mod 3fc) 
(mod 3k) 
(mod 3fc) 
(mod 3) 
(mod 3) 
(mod 3) 



(mod 3) 
(mod 3) 
(mod 3) 



One gets 5 = 1 (mod 3), which is a contradiction. 

(ii) Row 20. n = mk, m = 6, (s,m) = 1. Consider the last GDD in Row 21. By 
Lemma 11.11 



x 2 y 2 
x 3 y 3 

x\y 2 + x 2 y x 
xm + xm 
{ x 3 y 2 + x 2 y 3 



2sk (mod n) 
2sk (mod n) 
—2sk (mod n) 
—2sk (mod n) 
(mod n) 
2sk (mod n) 



has a solution. Let si = 2s. Obviously, (si,3) = 1. Thus 



aril/1 
x 3 y 3 

x±y 2 + x 2 yi 
xm + x 3 yi 
L ^3?/2 + x 2 y 3 



s\k (mod 3/c) 
si& (mod 3k) 
—Sik (mod 3fc) 
— sik (mod 3fc) 
(mod 3fc) 
Sik (mod 3/c) 
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has a solution. Thus by Lemma 12.31 



,7i = 

V2 

.7:5 = 
(x 2 ) 2 + x 2 + l = 

(x 3 ) 2 - 1 

2x 2 x 3 + x 3 = 
has a solution, which implies that 

(2x 2 + l) 2 

x 3 (2x 2 + 1) 

One gets —3 = 1 (mod 3), which is a 
(hi) Row 21. n = mk, m — 6, (s, 
Lemma II. 1[ 

^22/2 
^32/3 

^i2/2 + x 2 y± 
xiV3 + x 3 yi 
x 3 y 2 + x 2 y 3 



1 

Sik 

(-1 - x 2 )s x k 

{-x 3 )sxk 





-1 



(mod 3A;) 
(mod 3A;) 
(mod 3A;) 
(mod 3k) 
(mod 3) 
(mod 3) 
(mod 3) 



= —3 (mod 3) 
= 1 (mod 3) . 
= —1 (mod 3) 

contradiction. 

m) = 1. Consider the last GDD in Row 21. By 

= 2sk (mod n) 

= 2sk (mod n) 

= 2sk (mod n) 

= —2sk (mod n) 

= (mod n) 

= —2sk (mod n) 



has a solution. Let Si = 2s. Obviously, (si,3) = 1. Thus 



xiVi 
x 2 y 2 

X 3 V3 

xiy 2 + x 2 yi 
xm + x 3 yi 
x 3 y 2 + x 2 y 3 

has a solution. Thus by Lemma 12.31 



Xx 

Vi 

IJ2 

y3 

(x 2 ) 2 + x 2 + 1 

(x 3 ) 2 + 1 
2x 2 x 3 + x 3 



= Sxk (mod 3/c) 

= siA; (mod 3k) 

= sxk (mod 3k) 

= —s x k (mod 3fc) 

= (mod 3k) 

= —Sxk (mod 3k) 



1 



-1 — x 2 )sxk 
-x 3 )sxk 





1 



(mod 3k) 
(mod 3k) 
(mod 3fc) 
(mod 3fc) 
(mod 3) 
(mod 3) 
(mod 3) 
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has a solution, which implies that 

(2x 2 + 1) 2 = -3 (mod 3) 
(x 3 ) 2 + l = (mod 3) . 
£3(2x2 + 1) = 1 (mod 3) 

One gets = 1 (mod 3), which is a contradiction. 

(iv) Row 22. n = mk, m = 4, (s, m) = 1. By Lemma [1.1 1 

£3^3 = sfc (mod n) 

£47/4 = 3sk (mod n) 

x 4 y 3 + X32/4 = s/c (mod n) 

has a solution. By Lemma [1.31 (i). 

x 2 - x + 3 = (mod 4) 

has a solution, which contradicts to Lemma l5.2( i). □ 

Corollary 3.2. (1) If V is a connected finite dimensional YD module over Z n wift 
dimQ3(y) < oo ; i/ien dim]/ < 4. 

(ii) IfV is a finite dimensional YD module over7* n with dimQ3(y) < 00, i/ien dimen- 
sion of every connected component ofV is lesser than 4. 

Proof, (i) It follows from Theorem 13.11 

(ii) It follows from Part (i) and |AS00[ Lemma 4.2]. □ 

Corollary 3.3. If V is a finite dimensional YD module over Z n with braided matrix 
(qij) and ord(ffe) 7^ 1, then the following conditions are equivalent: 
(1) dim<B(y) < 00. 
(ii) A(Q5(F)) is finite. 

(Hi) (A(Q5(V)), Xot Eq) is an arithmetic root system. 

Proof. By [Hc04b, Th. 1], (ii) and (iii) are equivalent. It is clear that (i) implies (ii). 

Now we show that (iii) implies (i). First assume that V is connected. If (A(95(V)), Xo, E ) 
is an arithmetic root system with dim\^ = 2, then it follows dim 03 (K) < 00 from Propo- 
sition 11.71 The generalized Dynkin diagrams of V with dim V = 3 are in Row 8, 9, 15 
|He05cl Table 2] by Theorem 12. 61 Consequently, it follows dim 53 (V) < 00 from Lemma 
12 .21 By the proof of Theorem 13.11 there is not any connected arithmetic root systems 
with rank > 3. 

Assume that V is not connected and (A(^8(V)),xo,Eq) is an arithmetic root sys- 
tem. By [ASOOl Lemma 4.2], *B(V) is the smash product of its connected components. 
Consequently, dimQ3(y) < 00. □ 

The concept of quantum linear spaces was introduced in [AS981 P673]. In this case, 
qijqji = 1 for i ^ j. 
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Corollary 3.4. Every finite dimensional super Nichols algebra is a quantum linear 
space. 

Proof. Let 23 (V) be a finite dimensional super Nichols algebra and V a YD module 
over Z 2 . If 23 (V) is not quantum linear space, then there exist i ^ j such that q^qji ^ 1. 
Let U denote the sub /cZ 2 -YD module generated by Xi,Xj. It is clear dimQ3(£/) < oo. 
This contradicts to Theorem 11.61 □ 

Corollary 3.5. Assume that (V, (9^)2x2) a braided vector space. 

(I) Ifp is a prime number, then V is a connected Z p -YD module such that dim53(y) < 
00 if and only if one of the following conditions holds: 

T2(l) 1 - gn9i292i = 1 - <?i2<?2ig22 = 0, <2i 2 <?2i e R p ; p = 3 or p > 3 and (^) = 1. 
T2(2)x 1 + gn = 1 - qnq2iq22 = 0, q 12 q 2 i G i? P ; p > 2. 

1 + <?22 = 1 - 912921511 = 0, fefe eR P ,p> 2. 
T2(3) l + qu = l + q 22 = 0, q 12 q 21 e R p , p > 2. 

T3(l) 1 012921 = gfi 2 ; 922 = 9ii; 9u £ -R p ; p > 3 and p = 1 (mod 4). 

r3(%) 2 912921 = 9n 2 ; 922 = -1, 9n G -R p ; p > 2. 

T8(l) q i2 q 21 = q^ 3 , q 22 = qf 1} q n G R p , p > 3 and (=2) = 1. 

(II) Let p be a prime number, n = p 13 and m = p a with < a < f3 and f3 > 1 . Then V 
is a connected Z„-YD module such that dim 03 (V) < 00 if and only if one of the following 
conditions holds: 

T2(l) I-911 912921 = 1- 912921922 = 0, g i2 92i G R m ; P = 3, a = 1; p > 3 and = 1. 
T^ji 1 + gu = 1 - gi292i922 = 0, g i2 g 2 i G i? m ; p = 2, a > 1; p > 2. 
r2(%) 2 1 + 922 = 1 - 9i292i9n = 0, <?i292i G R m ; p = 2, a > 1; p > 2. 
T^J 1 + g u = 1 + 922 = 0, 312^21 G i^; p = 2, a > 1; p > 2. 

912^21 = 9n 2 ; 922 = 9ii; 9n G -R m , m > 2; p > 3 and p = 1 (mod 4). 
T3(l) 2 q 12 q 2 i = g n 2 ; g 2 2 = -1, 9n € i? m , m > 2; p = 2, a > 3; p > 2. 

a; G s = 1,2; q u = uj^f , q 22 = uj™, <?i 2 92i922 = 1, m > 3; p = 3 and a > 1. 
TS(%) gi 2 g 2 i = 9n 3 ; 922 = 9ii; 9n G i? m; m > 3; p > 3 and (^) = 1. 
T8(2)i (gi292i) 4 = -1, 922 = -1, 912921 = -911; rn = 8; a = 3. 
T5^ 2 (912921) 4 = -1, 922 = -1, 9n = (9i292i)~ 2 / m = 8, a = 3. 

(<?i292i) 4 = -1, 9il = (912921) 2 , 922 = (9i292i) _1 ; m = 8 ; a = 3. 

Proof. It follows from Theorem 11.61 □ 

Corollary 3.6. Assume that (V, (9^)3x3) is a braided vector space. 
(I) Ifp is a prime number, then V is a connected Z P -YD module such that dimQ3(l / ) < 
00 if and only if one of the following conditions holds: 

(i) The generalized Dynkin diagram ofV is Weyl equivalent to 
- lq -Ig- 1 -!, qeRp]p>2 . 
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(ii ) The generalized Dynkin diagram of V is Weyl equivalent to 
q q — 1 ^r 

# _L__ # # ; — s = s' (modp). Here q,r,u G R p , g ^ r,g ^ r , (s,p) = 1; 

(s'ip) = 1; q = tu s , r = uj s ' . 

(II) Let p be a prime number, n = p 13 and m = p a with < a < f3 and f3 > 1 . Then V 
is a connected Z„-YD module such that dim33(V) < oo if and only if one of the following 
conditions holds: 

(i) The generalized Dynkin diagram ofV is Weyl equivalent to 

% q q , q G R m ; m > 2; p = 2 and a > 1 or p > 2. 



(ii ) The generalized Dynkin diagram of V is Weyl equivalent to 
q n — 1 t ^ T 

m _ m # ; — s = s' (mod m); m — m > 1; p — 2 and a > 1 or p > 2. Here 

q G Rm,r G i? m ',w G -R„, q ^ r, q ^ r _1 ; (s,m) = 1; (s',m') = 1; g = a;™ ; r = w^. 

Proof. It follows from Theorem 12.61 □ 



4 Link-indecomposable YD-modules 

Definition 4.1. (' t MS00l and [An02]) A G-YD module V is link-indecomposable if G 
is generated by {h G G \ Vh ^ 0}. 

Question 5.57 QMSOOj and |An02j ) Determine all finite group T having a link-indecomposable 
YD module V such that dim 03(F) < oo. 

Corollary 4.2. If V is a connected Z n -YD module with dim*B(y) < oo ; then V is a 
link-indecomposable Z n -YD module. 

Proof, (i) diml/ = 2. There always exists a solution (mi, m, rri2, n2) of (11 .ip such 
that some component of the solution is 1 ( mi = 1 without loss of generality ) when 
Equation system (II .ip has a solution by Lemma [1.21 and Lemma ll.4( iv). Consequently, 
one obtains g\ = g mi (see the proof of Lemma 11.11 (iii) and V gi = V g ^ 0, which implies 
that V is a link-indecomposable. 

(ii) dirnl/ = 3. It follows from Theorem 12.61 and Lemma [2.41 □ 



5 Appendix 

In this section, we recall some results about the solutions of equation systems in Z n in 
[Hu67] and Braided vector spaces. 
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5.1 Equation systems in Z n 

If prime p \ a and x 2 = a (mod p) has a solution, then a is called a quadratic residue of 
module p. Set 

a. I 1 when a is a quadratic residue of module p 

(-) := < . (5.1) 

p I — 1 when a is a quadratic non-residue of module p 

This is called Legendre sign. 

Lemma 5.1. Let f(x) = a n x n + • • • + a\x + ao G Z[x] and /'(a;) := na n x n ~~ x + (n — 

l)a n -ix n ~ 2 H h oi- 

(IJ If f(x) = (mod p) and f'(x) = (mod p) has not any common solution with 
prime number p, then f(x) = (mod p k ) has a solution if and only if f(x) = (mod p) 
has a solution. 

(ii) ax + b = (mod m) /ias a solution if and only if (a, m) | fe. 
Lemma 5.2. Lei 

/(x) := ax 2 + frr + c = (modp k ), (5.2) 

witt prime p, p \ (a, b, c) and k 6 N. 

(i,) If 2 \ a, 2\b, then 2 \ c if and only if \5.2\) has a solution. 

(vl) If 2 \ a and 2 \ b, then Ii5.2\) is equivalent to (ax + |) 2 = ^ — ac (mod 2 k ). 

(in) If p > 2, p | a, p\b, then (TJ2j] always has a solution. 

(iv) If p > 2, p \ a, then ( 15. S\) is equivalent to (2ax + b) 2 = b 2 — 4ac (mod p k ). 
Furthermore 115 . 2\) has a solution if and only if (2ax + b) 2 = b 2 — 4ac (mod p) has a 
solution. 

Lemma 5.3. Let 

x 2 = a (mod p k ) (5-3) 

where prime p\ a, k G N. 

(i) If p > 2, then the number of solution of \5. 3\) is 1 + (-). 

(ii ) If p = 2, then 

(1) (TjOj) has a solution when k = 1. 

(2) Ii5.3\) has two solutions when k = 2 and a = 1 (mod 4). 

(3) Ii5.3\) has not any solutions when k = 2 and a ^ 1 (mod 4). 

(4) A5.3\) has four solutions when k > 2 and a = 1 (mod 8). 

(5) h5.3\) has not any solutions when k > 2 and a ^ 1 (mod 8). 
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Lemma 5.4. Let m = m\mi ■ ■ • m, r , where mi, 7712, • • • , m r are pair-wise relatives prime, 
then f(x) = (mod m) has a solution if and only if every equation below has a solution 



f( x ) 
/(*) 











(mod rrii) 
(mod 7712 ) 



/(*) 







(mod m r ) 



5.2 Braided vector space 



qir \ 



If cr e S r and qa(i),a(j) 



q'ij for any 1 < i, j < r, then the two matrixes 



921 <?22 



\ q r l <?r2 



<7rr / 



and 




q[ r \ 

q'2r 



are called to be permutation similarity. In this case, GDDs 



V q'rl q'r2 ' ' ' q'rr / 

of the two matrixes are called to be isomorphic. 

If (qij) and (q 1 ^) are permutation similarity then the two braided vector spaces (V, (%■)) 
and (V, (q'ij)) are the same since x CT (i), x CT (2), • • • , x <j{r) is also a basis of V with C(x ff (i) <g> 

"^(j)) = Q<*{i)v(j) X <r(j) ® = qij x u(j) ® x a{i)- 

Recall [ZZC04j . (G, 1/, J) is called an element system with characters (simply 
ESC) if G is a group, J is a set, ~$ = {gi}ie.j G Z(G) J and = {XijieJ £ G J with 
<7i G Z(G) and Xi G G. ESC(G, ~g*, ~)l , J) and ESC(G', g' , x', are said to be isomorphic 
if there exist a group isomorphism <fi : G — > G' and a bijective map a : J — > J 1 such that 

= g'a{i) and x' CT (j)0 = Xi for any i G J. 
Let (G,gi,xf,i G J) be an ESC. Let V be a Ac-vector space with dim(V) = \ J\. Let 
{xj | % G J} be a basis of V over A;. Define a left /cG-action and a left fcG-coaction on V 



Then it is easy to see that V is a pointed YD /cG-module and kxi is a one dimensional 
YD /cG-submodule of V for any i G J. Denote by V(G, gi,Xi',i G J) the pointed YD 
AcG-module V. Obviously, G(xj <g) x^) = Xj(9i) x j ® x i fo r an y ^, j e J, is the braid- 
ing. (See [ZZCQH Lemma 2.3 and Lemma 2.4]) Every A;G-YD module is isomorphic to 
V(G, gi, Xi', i G J), which is a braided vector space with diagonal type and braided matrix 
(Qij) = (Xj(9i)) when J = {1,2,- ■■ ,r}. 



Lemma 5.5. If There is a Hopf algebra isomorphism <p : kG — > kG' such that 
V(G, gi ,Xi] i e J) = f 1 V'(G'g' i) x'i\ i e J') as YD kG-modules with J = J' = 



by 



g- x i = Xi(g) x i, <5 (xj) = gi® x^ z 



G J, g <E G. 
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{1,2,- •• , r} and G = G' , then (%-)rxr an d (<lij)rxr are permutation similarity, where 
% = Xj(9i) and q'^ = xj(fl-) for 1, 2, • • • , r. 

Proof. By |ZZC04l Th. 4], ESC(G, g it Xi ; i G J) = ESC(G',^,x<; i e J') with 
J = J' = {1, 2, • • • , r}. Consequently, there exists a bijective map a : J — > J' such that 
= and X' a{i) (p(9j) = Xi(9j) for any i,j G J. That is, = ^ for any 

i,j eJ. □ 
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